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I. INTRODUCTION
The purpose of this note is to address the following issue: what if extended supergravity is perturbatively finite? Even if it is true (which of course we do not know at present) why could it be important? Is it possible that the conjectured perturbative UV finiteness may reveal some hidden symmetry of gravity? Here we propose a conjecture that such a hidden symmetry may be an N = 4 local superconformal symmetry. If the 4-loop N = 4 supergravity is UV divergent, this conjecture will be invalidated and, if it is UV finite, the conjecture will be supported.
Starting from the early days of supergravity, the superconformal calculus was a major tool for constructing new Poincaré supergravity models, see for example [1] and the recent book [2] , which describes in detail the superconformal origin of N = 1, 2 supergravities, including the role of the compensators and the gauge-fixing of the superconformal models down to super Poincaré. Extended N ≤ 4 supergravity models were developed in Refs. [3] [4] [5] [6] , starting with superconformal symmetry. N > 4 supergravity models do not have an underlying superconformal symmetry. This is related to the fact that there are no matter multiplets, only pure supergravity multiplets are available. In particular, there is no supersymmetric extension of the square of the Weyl tensor in N > 4, as shown in Ref. [7] .
Here we would like to suggest a possibility that the superconformally symmetric model underlying N = 4 supergravity is not just a tool, but a major feature of a consistent perturbative supersymmetric theory involving gravity. Namely, we will show that the 3-loop finiteness of pure 1 N = 4 supergravity [10] , taken together with the absence of a candidate for a consistent local N = 4 superconformal anomalies suggests that the principle of local superconformal symmetry may control the quantum properties of the gravitational theory, in the same way as the principle of non-abelian gauge symmetry controls the quantum properties of the standard model.
We are not used to thinking of a local four-dimensional conformal symmetry as a reliable gauge symmetry, where the gauge-fixing and the ghosts structure support the BRST symmetry and the computations confirm the formal properties of the path integral. The common expectation is that this symmetry may be unreliable because of anomalies. Therefore we cannot use it for investigation of divergences in the usual Einstein gravity.
The N = 4 local superconformal symmetry may be an example of an anomaly-free theory, and therefore it is tempting to study possible implications of the local superconformal symmetry, starting with this case. In particular, the absence of the 3-loop UV divergences in pure N = 4 supergravity [10] may be interpreted as a manifestation of the superconformal symmetry of the ungauge-fixed version of this theory.
We will discuss possible implications of the conjecture of hidden N = 4 superconformal symmetry for the all-loop UV properties of N ≥ 4 supergravities 2 . In N > 4, in absence of duality anomalies [12] , the duality current conservation argument can be used towards the UV finiteness of the perturbative supergravity [13] . In the N = 4 case, where there is a 1-loop global U (1) duality anomaly [12] , one might have some concerns regarding the explanation of the 3-loop UV finiteness in pure N = 4 supergravity [14] . However, we will argue below that in the underlying superconformal N = 4 model the local superconformal symmetry is anomaly free.
II. CONFORMAL COMPENSATOR IN N = 0 SUPERGRAVITY
Consider a model of pure gravity, N = 0, promoted to a local Weyl conformal symmetry:
The field φ is referred to as a conformal compensator.
Various aspects of this toy model of gravity with a Weyl compensator field (1) were studied over the years [15] . The action is conformal invariant under the following local Weyl transformations:
The gauge symmetry (2) with one local gauge parameter can be gauge fixed. We may choose the unitary gauge
Note that one has to take a scalar field with ghostlike sign for the kinetic term to obtain the right kinetic term for the graviton. This does not lead to any problems since this field disappears after the gauge fixing and the action (1) reduces to the Einstein action, which is not conformally invariant anymore:
In this action, the transformation (2) does not leave the Einstein action invariant any more. The R term transforms with derivatives of σ(x), which in the action (1) were compensated by the kinetic term of the compensator field and the weight was compensated by the φ 2 term which is not present in the gauge-fixed action anymore. But the general covariance is still the remaining local symmetry of the action.
and not only N = 8 supergravity were given in Ref. [11] based on the observation that generic theories of quantum gravity based on the Einstein-Hilbert action may be better behaved in UV at higher loops than suggested by naive power counting. Now let us look for the consequences of our conjecture that the local (super)conformal symmetry is fundamental, instead of Poincaré (super)gravity.
1. We know that the first UV divergence that was predicted in pure gravity (not taking into account the conformal predictions, but only general covariance) at the 2-loop level [16] is given by the cube of the Weyl tensor
Here the on-shell condition is R = R µν = 0 and C µνλδ = R µνλδ .
2. The actual computation was performed in Ref. [17] , which demonstrated that 2-loop gravity is indeed UV divergent:
This finalized a convincing story of the UV infinities in pure N = 0 quantum gravity. There is no reason to expect that the 3-loop counterterm, as well as all higher loop order 1 UV divergences, will not show up.
Now assume that we use the underlying conformal model with local conformal symmetry. It is easy to promote the 2-loop UV divergence to the form of a conformal invariant:
Upon gauge-fixing it will produce the candidate for the 2-loop divergence. Thus, even if we would use the embedding of gravity into a model with conformal symmetry by introducing an extra scalar compensator, it would not help us to forbid the 2-loop UV divergence in the N = 0 supergravity.
A. N = 0 supergravity with matter
If we would add some additional matter to our superconformal N = 0 toy model, we would have to consider the 1-loop conformal counterterm independent on the compensator field, proportional to the square of the Weyl tensor
and in the topologically trivial background this counterterm is
The coefficient in front depends on the matter content. The reason for its absence in pure gravity was explained using the background field method in Ref. [18] by the fact that it is proportional to classical equations of motion when the right-hand side (rhs) of the Einstein equation, T mat µν is vanishing. This means that the relevant divergence can be removed by change of variables. In Ref. [19] it was shown explicitly that in pure gravity there is a choice of the parameters a, b of the general covariance gauge-fixing condition, of the type aD µ h µν − bD µ h = 0 which makes both the UV divergences R µν R µν and R 2 a, b gauge-dependent, and vanishing at certain values of a, b.
Thus, in the exceptional case of pure gravity without matter there is a 1-loop UV finiteness; the same is valid for all pure supergravities without matter. However, in presence of matter in gravity as well as in supergravities, the 1-loop UV divergences that are present are defined by the matter part of the energy momentum tensor.
where α and β depend on the matter content of the given model.
The generic N = 1, 2 supergravity models were derived by gauge fixing the N = 1, 2 superconformal algebra, starting with SU (2, 2|1), SU (2, 2|2), respectively (see Ref. [2] and references therein). The known facts are 1. In N = 1, 2 supergravities the prediction was made in Ref. [20] that the 3-loop divergence of the form
2. There were no computations of the 3-loop UV divergence in N = 1, N = 2 supergravity so far.
The prediction in (11) was based on local supersymmetry, associated with Poincaré N = 1, 2 supergravity.
The superconformal embedding prediction would require us to provide the superconformal embedding of the term in (11) . The question is: is there a N = 1, 2 superconformal generalization of the expression
which is the gravity part of the full N = 1, 2 superconformal higher derivative invariant? The answer is positive and is based on the fact that in N = 2 there is a local superconformal calculus and there are chiral multiplets with arbitrary Weyl weight [21] , in particular the negative powers of the compensator multiplet, which can be used for building higher derivative superconformal invariants. Moreover, various examples of superconformal higher derivative invariants in the N = 2 model are presented in Ref. [22] and recently used for comparison with on-shell superspace counterterms in Ref. [23] . The simplest N = 2 superconformal version of R 4 corresponding to minimal pure N = 2 supergravity is given by the following chiral superspace integral [23] :
The N = 2 superconformal calculus allows us to use the chiral multiplets S −2 as well as any higher negative power S −2n for building higher and higher derivative invariants in the N = 2 supergravity [22] . Thus the hidden local superconformal N = 2 symmetry does not lead to a particular restriction on N = 2 supergravity counterterms.
B. N = 4 supergravity 1. The prediction was made in Ref. [24] that the 3-loop divergence of the form
is expected since the relevant candidate counterterm has all required nonlinear symmetries of N = 4 supergravity, including the SU (1, 1) × SO(6) duality.
2. The recent computation in Ref. [10] revealed that
The computations of UV loop divergences in Ref. [25] and in Ref. [10] are based on the information about the tree amplitudes and on the unitarity method. Therefore these computations seem to shed some light on all version of extended supergravity, which at the tree level are equivalent. Such versions are related by various classical duality transformations. We proceed from here by suggesting a conjecture of a hidden superconformal symmetry, which these computations may have revealed.
We will now proceed with the analysis based on our conjecture that the local superconformal supersymmetry may control the UV divergences of N = 4 Poincaré supergravity.
IV. N = 4 SUPERCONFORMAL SYMMETRY AND SUPERGRAVITY
Here we follow [3, 4] and specifically [5] , where the details on N = 4 case have been worked out. To derive N = 4 supergravity from the superconformal model based on the SU (2, 2|4) graded algebra requires a number of rather complicated steps. We will only describe here the ones that are relevant for our purpose, referring the reader to the original papers [3] [4] [5] .
To derive the action of a pure N = 4 Poincaré supergravity one has to start with 6 (wrong sign) metric N = 4 vector multiplets interacting with the N = 4 Weyl gravitational multiplet. The Abelian vector multiplet action with the correct sign of the metric invariant under rigid N = 4 supersymmetry is
with i, j = 1, ..., 4. For the six compensator vector multiplets (I, J = 1, . . . , 6) we take
where φ ij = (φ ij ) * = ε ijk φ k and the constant real metric η IJ is diagonal and has six negative eigenvalues, −1. This action is invariant under global SU (4). The six negative eigenvalues point towards the role of φ I ij as compensators of a conformal symmetry, as explained in the toy model above. In the case of pure N = 4 supergravity without matter multiplets all scalars from the six N = 4 superconformal vector multiplets are the compensator scalars, as we will see below.
To derive the N = 4 pure supergravity action one starts with six such vector multiplets and couple them to the fields of conformal N = 4 supergravity. There is a derivative D a = e µ a D µ , which is covariant with respect to all superconformal symmetries of SU (2, 2|4). Meanwhile D µ is covariant under Lorentz, Weyl, SU (4) and U (1) symmetries. The S and K covariantization is performed in Ref. [5] explicitly.
The rigid supersymmetry algebra {Q, Q} leads to translation P , so it is necessary to convert it into general coordinate transformations to describe the coupling with gravity. This and analogous steps require some constraints on the curvatures as well as introduction of fields, in addition to gauge fields above, to close the algebra, so that, after all
The rhs of this commutator depends on a combination of all local symmetries: general covariant, Lorentz, supersymmetry, special supersymmetry, SU (4), U (1), conformal boosts, Abelian gauge transformation on the vector fields, and spinor equation of motion on ψ i , which we show in the last term in X EOM . The explicit expressions are derived in Ref. [5] . The parameters of all these transformations, which form an 'open algebra', are bilinear in A. Superconformal coupling of vector multiplets to the Weyl multiplet
The N = 4 superconformal Lagrangian of the vector multiplets interacting with the Weyl multiplet is given in Eq. (3.16) in Ref. [5] and takes a full page. We will present here the bosonic part of the action for the six compensating vector multiplets, with the wrong sign of kinetic terms, which is relatively simple:
Here
The conformal boost gauge field f µ a is a function of a curvature
The scalars φ α with α = 1, 2 transform as a doublet under SU (1, 1). The constraint (20) and the U (1) gauge invariance reduce the 2 complex variables φ α to 2 real fields, so that they are in
The fields T µνij , E kl , D ij kl belong to the gravitational Weyl multiplet. This action, supplemented by all fermionic terms, leads to equations of motion of the fermion partner of the compensator scalars ψ iI in the rhs of the commutator of two supersymmetries (18), which we denoted by X EOM .
The action is linear in D ij kl , so it is convenient for the purpose of future gauge fixing to use the reparametrization of the 36 variables φ ij I in terms of the 36
where α m and β m with m = 1, 2, 3 are SU (2) × SU (2) numerical matrices introduced in Ref. [26] .
V. POINCARÉ GAUGE
The superconformal action has unbroken local K , D, and S symmetries which are not present in supergravity and must be gauge fixed to convert the superconformal action into a supergravity one.
3 This is done the same way as in the toy example above, namely, the scalar compensator dependent term in front of R is designed to introduce a Planck mass into conformal theory which originally, before gauge fixing, has no dimensionful parameters. To fix the local dilatation D one can take
This provides the Einstein curvature term in the action
and explains why the diagonal metric η IJ has six negative values. The S and K local symmetries are fixed by taking
The fact that our six vector multiplets have a wrong sign kinetic terms is in agreement with the fact that the scalars are conformal compensators. As long as ϕ 
to remove these 36 variables.
The remaining important steps include the elimination of the auxiliary fields of the Weyl multiplet, E kl and T µνij . The field E kl turned out to be proportional to fermion bilinears, which changes the fermionic part of the action. However, the role of T µνij is extremely important: the procedure of its exclusion on its equations of motion leads to a sign conversion of the kinetic term for the vectors from the six vector multiplets-they become physical vectors with the correct sign kinetic term.
To summarize, the six vector multiplets at the superconformal stage all have wrong kinetic terms since the N = 4 scalar partners play the role of conformal compensators. When scalars are gauge fixed to eliminate the local Weyl D symmetry (dilatation), the Einstein gravity arises. The six quartets of spinors (6 × 4 × 4 = 96 components) from the vector gauge multiplets are eliminated by the combination of 16 gauge conditions of local S supersymmetry (special supersymmetry) and the field equations of the auxiliary fermions in the Weyl multiplet (80 components).
The vectors from the six vector multiplets are converted into physical vectors of supergravity, when the auxiliary field T µνij of the Weyl multiplet is excluded on its equations of motion. The action becomes that of pure N = 4 supergravity in κ 2 = 1 units where the local U (1) symmetry is still present. The bosonic part is
Note that the actions are supersymmetric after adding the fermionic part. This means that the variation of the action vanishes for arbitrary field configurations: the fields do not satisfy any equations. The statement that the multiplets are "on shell" is a statement on the algebra of transformations, and that one depends on specific field equations. Thus no other invariant can be constructed with these on shell multiplets, since this would change the field equations. This is why the inverse powers of the vector multiplet (or a logarithmic function) cannot be used to construct other invariant actions, see a further discussion of this in Sec. VI.
A. Triangular U (1) gauge-fixing
The local U (1) gauge we take 4 is
Our choice is motivated by the triangular decomposition of the SL(2, R) matrix of our model. We start with the SU (1, 1) matrix defined in Ref.
[5]
4 The related construction is discussed in Ref. [6] , without making an explicit choice of the U (1) gauge.
We switch to the SL(2, R) basis and get
where
We define an independent variable τ as
which parametrizes the coset space
. We take
In this notation with τ 2 = e −2ϕ and τ 1 = χ the triangular decomposition of the SL(2, R) matrix is clear
When these values of φ α are inserted into the superconformal action (3.16) or the partially gauge-fixed (4.18) of [5] , we get the Cremmer-Scherk-Ferrara (CSF) N = 4 supergravity model [26] the bosonic part of which is
B. Bergshoeff, de Roo, de Wit U (1) gauge
The choice in Ref. [4, 5] is
and the independent variable is defined as
Here the scalars
parametrize the coset space
. The six vector multiplets have kinetic terms with the correct sign. The theory has a global duality symmetry SU (1, 1) × SO(6) inherited from the superconformal N = 4 model. The scalar couplings are
In this local U (1) gauge the N = 4 supergravity is an intermediate version between the CSF model [26] and the one given in Ref. [27] and in full details in Ref. [28] . Specifically, the scalars Z are the same as in Ref. [28] , however, the vectors are related to the ones in Ref. [28] by a duality transformation.
Thus we find that our new gauge which provides a CSF N = 4 supergravity model [26] directly from the superconformal model is nice and simple, comparative to other versions of N = 4 supergravity.
VI. HIGHER DERIVATIVE SUPERCONFORMAL ACTIONS IN N = 4 MODEL
There is only one type of possible matter multiplets in N = 4 supersymmetry, i.e. N = 4 Maxwell multiplets (and the non-abelian version). The scalar φ ij has Weyl weight w = 1 and therefore it is used to gauge fix local dilatation by the φ The situation in the N = 4 case is in sharp contrast with N = 1, 2 cases where there are chiral superfields of arbitrary conformal weight w [21] , which can be used to build the superconformal invariants. Moreover, according to Eq. (C.2) in Ref. [22] one can take an arbitrary function of the chiral compensator superfield G(φ) and construct such a negative conformal weight superfield out of the compensators in the N = 2 superconformal case. In the Poincaré gauge such a superfield G(φ) = φ −2n will provide the increasing powers of gravitational coupling φ −2n ⇒ κ 2n .
To explain why in N = 4 superconformal theory it is not possible to produce superinvariant actions with arbitrary function of superfields consider an example : the off-shell chiral multiplet
We want to construct an action S = d 2 θG(z). To find the components, we obtain the fermion component of G by calculating one supersymmetry (SUSY) transformation on the lowest component G(z). This gives G (z)χ L . A further transformation gives (for the component that will be integrated)
and thus gives a good invariant action.
However, consider now that we would have only the on-shell multiplet, e.g. for a massless multiplet. Then F = 0. The algebra on χ L leads then to the field equation γ µ ∂ µ χ L = 0. The second SUSY transformation as above
This is a superfield for any G(z). However, the integral d 2 θ gives the last component, which transforms under SUSY to
This is not a total derivative (missing a term proportional to the field equation, but that we cannot use to have an invariant action). This illustrates that the multiplet calculus can only be used for off-shell multiplets. We provide a more detailed discussion and relation to N = 2 deformation in models with higher derivatives in the Appendix.
Before we take seriously a prediction on higher derivative superinvariants following from the local N = 4 superconformal theory, we have to study the situation with anomalies. The local anomalies for N = 1 superconformal theories were studied in Ref. [29] and in Refs. [30, 31] . Our N = 4 superconformal model of six (wrong sign) compensators interacting with the Weyl multiplet, upon gauge-fixing, leads to pure N = 4 supergravity with Einstein curvature, without the square of the curvature in the action. The local anomalies of this model will be discussed below.
A. Superconformal anomalies
Local superconformal anomalies were studied in detail in the N = 1 case in Ref. [29] . It was explained there that the consistent anomalies can be constructed using the Wess-Zumino method [32] . In gauge theories the method allows us to construct terms Γ(Φ, A µ ), whose variation takes a form of a consistent anomaly δ Λ Γ(Φ, A µ ), which does not depend on the compensator field Φ. Later the related work was performed in a somewhat different context in Ref. [30] based on Ref. [31] . We are interested in local symmetry anomalies, which in gauge theory examples may be fatal and lead to a quantum inconsistent theory. For example, the triangle local chiral symmetry anomaly in standard model, if not compensated, means that the physical observables in the unitary gauge do not coincide with the physical observables in the renormalizable gauge. The change of variables in the path integral of the kind performed in Ref. [33] , which allows us to prove an equivalence theorem for the S matrix in arbitrary gauges, may be invalidated in presence of anomalies.
For example, in the simple case of the SU (2) gauge model we may be interested in transverse renormalizable gauge ∂ µ A µ m = 0 or in the unitary gauge B m = 0. To find the relation between these two gauges one may look at a more general class of gauges like a ∂ µ A µ m +b B m = 0. In the unitary gauge the theory is not renormalizable off shell, however, if the equivalence theorem
is valid, the physical observable are the same as the ones in renormalizable gauge (with account of some dependence on gauge-fixing of renormalization procedure). Also the proof of unitarity in the renormalizable gauge is based on the validity of (44).
The local symmetry anomaly may invalidate the a, b independence of physical observables. Instead of equivalence we have a relation
Here A α (φ i ) is the consistent anomaly depending on various fields φ i of the model, and Λ α (x, φ i , δa, δb) is a specific change of variables, leaving the classical action invariant, but effectively changing the gauge-fixing condition, with examples given in Ref. [33] . X is a numerical value in front of a candidate anomaly, which may vanish, in the case of cancellation, or not, depending on the model. Thus, in the context of local anomalies which may exist and destroy the quantum consistency of the model, we will look at possible candidates for anomalies given by expressions like
where Λ α (x) corresponds to all gauge symmetries of a given model. There are two conditions for an anomaly to be fatal for a gauge theory, i. e., to make quantum theory inconsistent.
I. The candidate consistent anomaly (46) should be available according to local symmetries of the model II. The numerical coefficient in front of a candidate anomaly, which is due to contribution from various fields of the model, should not cancel, X = 0 in (45) .
The symmetries of N = 1 superconformal models include
i.e., local Q supersymmetry, local S supersymmetry, Weyl local conformal symmetry, local chiral U (1) symmetry, respectively, and of course, general covariance and Lorentz symmetry.
In case of N = 1 superconformal models the corresponding δ Λ Γ(φ, W 2 ) was given in Ref. [29] in Eq. (5.7). The integrated form of the anomaly is given by a local action in Eq. (5.6) in Ref. [29] 
Here φ is the compensator superfield of a Weyl weight w = 1, and W αβγ is a Weyl superfield of conformal weight w = 3/2. The variation of (48) produces a consistent anomaly. At the linear level this action is associated with the F component of the chiral superfield
Terms with ... involve important corrections, required for locally superconformal action. The superfield ln φ W αβγ W αβγ seems to have a Weyl weight w = 3, except that the ln φ does not have a uniform scaling weight w = 0, which leads to complication and modification of the scale, chiral and S-supersymmetry transformations. Nevertheless, the consistent exact nonlinear expression for N = 1 superconformal anomaly in the form (46)
was established in Ref. [29] and given in Eq. (5.7) there. It has terms with all local parameters in (47); i. e., there is a Weyl local conformal symmetry anomaly, local chiral U (1)-symmetry anomaly, local S-supersymmetry anomaly and local Q-supersymmetry anomaly, all proportional to each other: either all of them or none. Note that the analysis in Ref. [29] was not based on specific computations of anomalies; it was an analysis based on consistency of the anomalies in N = 1 superconformal models. The candidate consistent anomaly (46) is available; the coefficient X in (45) is model dependent.
It may be useful also to bring up here the relevant discussion of the N = 1 superconformal anomaly in Refs. [30, 31] . The corresponding gauge-independent 5 part of the anomaly is given by
(51) and
where under the superconformal transformations the compensator superfield transforms as
Therefore, when its vacuum expectation value is nonvanishing, one may try to define the Goldstone superfield, which according to [30] is "dimensionless" and transforms by a superfield shift
and therefore
Therefore, the local dilatations of the supermultiplet ln φ are different from those of a multiplet with a particular Weyl weight. For example, for the chiral multiplet (φ = {Z, χ, F }) of the Weyl weight w the superconformal transformations, given for example in Eq. (16.33) in Ref. [2] have some w-dependent terms like
where λ D (x) is a local dilatation and λ T (x) is a local chiral transformation. The same for χ, F -there are terms depending on w. These w-dependent terms are replaced by different transformations when the fields do not scale homogeneously under local dilatations. These transformations for ln φ can be inferred from (54) where
and corresponding changes in the superconformal derivatives. The standard superconformal action for the multiplet, given for example in Eq. (16.33) in Ref. [2] ) is not superconformal invariant anymore due to these corrections to the superconformal transformations. However, its superconformal variation does not depend on the compensator. As a result, the complete nonlinear expression for anomaly in Eq. (5.7) in Ref. [29] is different from δΓ ST (φ, W 2 ) in (52). The expression for the anomaly in (52) depends on manifestly Q-supersymmetric superfields and gives the impression that only Weyl, chiral and S-supersymmetry anomalies are consistent. Meanwhile, the extra terms in δΓ dW G (φ, W 2 ) involve also the Q-supersymmetry anomaly, and therefore the complete nonlinear expression for N = 1 superconformal anomaly is not given in terms of superfields with manifest Q supersymmetry, but in Eq. (5.7) in Ref. [29] .
Thus, a complete expression in Eq. (5.7) in Ref. [29] for the superconformal anomaly δΓ dW G (φ, W 2 ) of N = 1 superconformal models contains local scale, chiral, Ssupersymmetry and Q-supersymmetry anomalies. It is generated by the superconformal variation of the expression Γ dW G (φ, W 2 ). This is a construction of a consistent anomaly which we intend to generalize to the N = 4 case.
N = 4 case
For the N = 4 superconformal anomaly the actions of the type (49) and (51) are not available. The reason is the same as we have already explained with regard to candidate counterterms. In the N = 4 case the generalization of the N = 1 case of arbitrary functions of a chiral compensator like G(φ) = φ −2n is not available; such superfields cannot be used to provide invariant actions. Indeed, the compensating multiplets are in this case the vector multiplets whose transformations close only using specific field equations. Therefore, one cannot manipulate with these multiplets, as we explained in the beginning of this Sec. VI. This excludes also a possibility to use G(φ) = ln φ for building superinvariants. Therefore there is no supersymmetric version of ln φ(R − R * ) 2 (for chiral anomaly). It is available in N = 1 and N = 2 superconformal theories but not available in N = 4. The N = 4 superconformally invariant version of ln(φ
The restrictions of N = 4 superconformal symmetry are significantly stronger than the ones for N = 1, 2. Q supersymmetry has a limited restriction on N -extended supergravity counterterms, and suggests that for Nextended supergravity the L = N geometric on-shell counterterms are available; the same prediction follows from N = 1, 2 superconformal models. However, for N = 4, the symmetries allow only the local classical action and protect the model from anomalies and counterterms. This supports our conjecture that N = 4 superconformal models are quantum mechanically consistent and therefore we may trust the analysis of candidate counterterms based on N = 4 superconformal symmetry, which predicts the UV finiteness of perturbative theory.
B. Can we falsify our arguments using more general N = 4 models?
1. Consider N = 4 supergravity interacting with some number n of N = 4 vector multiplets. The superconformal un-gauge-fixed version of this model is described in Refs. [5, 6] . It corresponds to the model which we present in Eq. (19) where η IJ has six negative eigenvalues as well as n positive eigenvalues.
There is a 1-loop UV divergence in the case of N = 4 SG + N = 4 vector multiplets (see for example [9] ). There is also a corresponding counterterm in the underlying superconformal theory; it contains the square of the Weyl tensor. The linearized version of it 6 is given in Eq. (3.17) of [4] . The complete nonlinear action for the N = 2 superconformal case is given in Eq. (5.18) of [4] .
The existence of this 1-loop counterterm is in agreement with N = 4 supergravity analysis, as well as actual computations in Ref. [9] . In components is starts with C 2 µνλδ + ... which corresponds to R 2 and R 2 µν terms, as explained in Eqs. (8) and (9) . These vanish for pure N = 4 supergravity, corresponding to the model with six N = 4 compensators, since only in pure supergravity R = R µν = 0. In the presence of matter multiplets, the counterterm has terms which do not vanish on shell, like T 2 µν and T 2 .
The 1-loop N = 4 square of the Weyl multiplet counterterm is superconformal by itself; it does not need N = 4 compensators since it has a correct Weyl weight. This is why it escapes the problem with a negative power of compensators, which is present for all N = 4 superconformal invariants, starting with 3 loops. They need φ −2(L−1) corresponding to κ 2(L−1) . Clearly, for L=1 there is no such dependence on a compensator.
2. Now we apply our method to N = 4 conformal supergravity interacting with some N = 4 vector multiplets [35] . This model is believed to be renormalizable but has ghosts. The superconformal counterterm corresponding to the square of the Weyl tensor is not excluded and it is not vanishing. It is not proportional to the equations of motion of conformal supergravity interacting with any number of vector multiplets. Thus the renormalizable UV divergences, proportional to the part of conformal supergravity classical action are expected. And since again this particular unique superinvariant has the proper Weyl weight, the action does not depend on compensators. Therefore this counterterm escapes the problem with negative power of compensators.
C. Half-maximal D=6 superconformal models
Maybe a a simple counterargument to our conjecture comes from higher dimensions where known divergences occur already in supergravity theories at low loop orders. For example, maximal supergravity diverges in D = 6 already at the 3-loop order, with a d 6 R 4 counterterm. It is possible that such 3-loop divergence takes place also in the 16-supercharge half-maximal theory. If the classical theory in D = 6 can be promoted to a compensated conformal supergravity theory, one would conclude that in an analogous situation our conjecture is already proven to be invalid.
Here we analyze supersymmetry and supergravity with 16 real supercharges in D = 6. From the properties of spinors, it follows that we should divide this in (2, 0) and (1, 1) theories.
The R-symmetry group follows from the analysis of Jacobi identities as in Sec. 12.2 of [2] . That leads to U Sp(4) = SO(5) for the (2, 0) and U Sp(2) × U Sp(2) for the (1, 1) theory.
Reductions of theories with 16 supercharges in higher dimensions on tori cannot lead to chiral theories, and thus these lead to (1, 1) . On the other side, both theories lead to the same theories in five or fewer dimensions, e.g. to N = 4 in D = 4.
The (1, 1) theory allows vector multiplets (the reduction of the vector multiplet of D = 10). The (2, 0) theory does not have vector multiplets, but has self-dual tensor multiplets. The quadratic action of a two-form is conformal in six dimensions, and the self-dual tensor multiplet can be defined with superconformal symmetry. However, there is no action, only field equations, due to the selfdual properties. 7 The multiplet is an on-shell multiplet. It is the quadratic approximation to the M 5 brane, and the superconformal structure of this multiplet was studied in Ref. [38] .
The (1,1) supergravity has been constructed in Refs. [39, 40] . This could not be done using superconformal methods for the arguments that will be now explained.
To start with a superconformal calculus we first need a superconformal group. That group should contain the conformal group SO(6, 2) and the R-symmetry group as bosonic subgroup. In fact, we even need the covering group of the conformal group since we need fermions. That covering group is SO * (8). All superconformal constructions have been based on a simple superalgebra. We thus consider the list of real forms of simple superalgebras, [41] which can be also inferred from Ref. [42] . Then we consider which are the possibilities between those that have the appropriate bosonic subalgebra. This is what Nahm did in Ref. [43] .
Then we see that with SO * (8) only OSp(8 * |q) is available, which identifies U Sp(q) as R-symmetry group. Thus there is no possibility to have U Sp(2) × U Sp(2), as we would need for type (1,1) supergravity, but there is U Sp(4), which is the R-symmetry group of (2,0). Therefore only (2,0) allows a superconformal construction, based on the superalgebra OSp(8 * |4). This was constructed 8 in Ref. [45] . In that paper, N + 5 tensor multiplets were coupled to the Weyl multiplet. Five of these are compensating, leaving tensor multiplets with scalars in the coset SO(N, 5) SO(N )×SO (5) . The superconformal theory of the tensor multiplets (as world volume theory of M 5 branes) was constructed before in Ref. [38] . However, as mentioned above, there are field equations but no action for this theory.
Thus, in conclusion, a superconformal construction exists for (2,0) supergravity, for which there are field equations but no invariant action. The (1,1) supergravity has no superconformal construction, due to the absence of a suitable superconformal group. Therefore the superconformal conjecture on D = 4 is not invalidated by the current knowledge about the superconformal models in D = 6.
It is rather interesting to see how all facts known about these various N = 4 models seem to fall into place. Our conjecture, therefore, is that new computations will continue to support the N = 4 superconformal symmetry of the model underlying pure N = 4 supergravity.
VII. DISCUSSION
We have discussed here the pure N = 4 Poincaré supergravity, which is a gauge-fixed version of the corresponding N = 4 superconformal theory, the details of which, including the action in Eq. (3.16) , are given by de Roo in Ref. [5] . Here we have explained briefly the important details of the gauge fixing to N = 4 Poincaré supergravity at the simple level of the bosonic part of the theory, as well as the role of the conformal compensators, six vector multiplets with the wrong sign kinetic terms. In particular, we have explicitly presented a triangular gauge for the local U (1) symmetry in which the superconformal model [5] becomes a pure N = 4 supergravity model [26] .
We argued that the N = 4 superconformal action in Ref. [5] is unique and that the symmetry does not admit higher derivative actions. The argument about the uniqueness of the N = 4 superconformal model is based on the open gauge algebra of the SU (2, 2|4) superconformal symmetry 9 , which requires the equations of motion for the fermion partner of the compensator. This allowed de Roo in Ref. [5] to reconstruct the action consistent with the open algebra. Our argument about the uniqueness of the N = 4 superconformal theory is related to the absence of the higher derivative superconformal invariants. Such invariants require the presence of negative conformal weight superfields, constructed from conformal compensators, which can be used in building new superconformal invariants. Since in N = 4 the only matter multiplets that are available to serve as conformal compensators are vector multiplets with the open algebra, they do not provide the negative weight superfields which will allow to make the N = 4 superconformal generalization of d 4 x √ −g φ −4 C 4 counterterms, where C is the Weyl tensor. Therefore the R 4 UV divergences are forbidden by the N = 4 superconformal symmetry of the un-gauge-fixed theory, assuming that we have all tools available for such a construction.
We have presented in the Appendix the detailed discussion of the difficulties with the "bottom up order by order attempts" to construct the corresponding higher derivative N = 4 supergravity invariants. One may try to start from the known on-shell N = 4 superspace [47] candidate counterterms [24, 48] and deform the classical supersymmetry to reach the agreement with an exact deformation of classical theory studied in the N = 2 theory [23] . The problem is the absence of a clear guiding principle in the N = 4 case. Therefore one can view the computation in Ref. [10] as an indication that such a deformation may be indeed impossible since we already have all tools available and they do not produce higher order genuine supersymmetric invariants.
We have analyzed the situation with N = 4 local superconformal anomalies based on earlier detailed studies of consistent anomalies in N = 1 superconformal theories in Ref. [29] and in Refs. [30, 31] . We argued that there is no generalization of local superconformal N = 1 anomalies to the N = 4 case, the reason being the same as for counterterms. The anomaly candidate requires us to use the superfield ln φ, the logarithm of the compensator field, for constructing a consistent anomaly. But it is not possible in N = 4, for the same reason as the negative powers of φ are not available as building blocks for superinvariants. This observation provides the simplest possible explanation of the computation in Ref. [10] where R 4 UV divergence in N = 4, L = 3 supergravity was found to cancel. Note that if this is the true explanation, it would mean also that no other higher loop UV divergences are predicted by the N = 4 superconformal theory. Thereall local symmetry transformations are fixed. Meanwhile the fact that the algebra is open on the N = 4 Maxwell multiplet may be also related to the need to use an infinite number of auxiliary fields to close the algebra [46] . fore our conjecture is falsifiable; as soon as the UV properties of the 4-loop N = 4 supergravity will be known, they will either confirm or invalidate our conjecture.
The conjectured superconformal symmetry of N = 4 supergravity supports UV finiteness arguments for N ≥ 4 supergravities. For these models the UV finiteness argument is associated with the Noether-Gaillard-Zumino deformed duality current conservation [13] and with local supersymmetry deformed by the presence of the higher derivative superinvariant [23] . Both arguments require the existence of the Born-Infeld type deformation of extended supergravities [23, 49] . In the particular case of N = 4 such a Born-Infeld type deformation is not possible according to our current best understanding of superconformal symmetry, which is a supporting argument for the UV finiteness of the N > 4 models. If the N = 8 Born-Infeld supergravity would be available, one would be able to derive the N = 4 one by supersymmetry truncation, in conflict with superconformal symmetry.
If our conjecture that the local superconformal symmetry explains the 3-loop UV finiteness in N = 4 is confirmed by the 4-loop case, it will give us a hint that the models with superconformal symmetry without any dimensionful parameters may serve as a basis for constructing a consistent quantum theory where M P l appears in the process of gauge fixing spontaneously broken Weyl symmetry.
Since N = 4 pure supergravity is a gauge-fixed version of the superconformal N = 4 model, one can think about a deformation of the theory to accommodate higher derivative actions either at the superconformal level or at the level of the super Poincaré gauge-fixed theory.
This appendix has a purpose to compare the model with N = 4 superconformal symmetry with the one studied in N = 2. Here we will discuss the situation with N = 2 supergravity at the super Poincaré level, following [23] . In the N = 2 case first the genuine superconformal N = 2 higher derivative action was provided explicitly in Ref. [22] in the general case and in the simplest possible case corresponding to minimal pure N = 2 supergravity in Ref. [23] .
In N = 2 we start with the superconformal action (13) , where it is known how to produce superinvariants depending on S −2 andS −2 chiral compensators. This action produces the N = 2 superconformal version of the bosonic term given in (12) φ −4 (C .... ) 4 . As we explained in Sec. VI, no such superconformal invariant is available in the N = 4 case.
However, we may try to continue bottom up and start with the already gauge-fixed superconformal N = 4 model, i. e., with N = 4 supergravity where at least the nonlinear on-shell supersymmetric R 4 counterterm is available [48] , [24] based on the on-shell superspace construction [47] . In the absence of genuine local supersymmetry and in the absence of auxiliary fields we can start from the classical action of N = 4 supergravity and deform it by the known counterterm 
The first term in (A2) vanishes for generic field configurations according to the definition of a local supersymmetry of the classical action. δS 0 δϕ δ 0 φ = 0 .
The second term, the supersymmetry variation of the counterterm, vanishes only when the classical equations of motion are satisfied. Therefore the best we can say is that
which generically is not zero. 10 In fact, the counterterm structure does not allow an unambiguous extraction 10 In general it is not zero but one can try to argue that maybe it is of what the δX(ϕ) is since the on-shell superspace construction [47] solves the geometric Bianchi identities only under condition that δS 0 δϕ = 0 (A5) and therefore terms in the counterterms proportional to δS0 δϕ are not unambiguously defined. Since also the expression δS0 δϕ under local classical supersymmetry transforms via a linear combination of δS0 δϕ , none of these are directly available from the on-shell counterterms.
However, our recently acquired knowledge of the situation with genuine N = 2 superinvariants where auxiliary fields are eliminated teaches us that we have to modify the symmetry transformations so that δϕ = δ 0 ϕ + λδ 1 ϕ. We need to make the following steps. Assume that we somehow succeed to generalize the known counterterm to the stage where we can find δX by performing the variation. We will call this generalizationŜ ct . In such case we have δŜ ct δϕ δ 0 ϕ = δS 0 δϕ δX(ϕ).
This reminds us the situation described in Sec. VI in Eq. 
If we findŜ ct with computable δX(ϕ) in the N = 4 case, we have identified δ 1 ϕ. We are then left with nonvanishing
actually zero, and in such case none of the problems described in this appendix actually materialize. This is why this issue was not given proper attention in the past. In Ref. [23] it was shown that the modification of the classical supersymmetry transformation is necessary; the contribution from various auxiliary fields does not cancel for example in the nonlinear part of the gravitino supersymmetry transformation. In N = 4 supergravity analogous terms must be present to provide a consistent truncation from higher supersymmetries to N = 2.
To cancel this one we have to find a next term in the action S def 2 (ϕ) = S 0 (ϕ) + λŜ ct (ϕ) + λ 2 .S 2 (ϕ) .
Assume that we can find the function S 2 (ϕ) and the next order of deformation δ 2 ϕ such that δS def 2 = λ 2 δS 0 δϕ δ 2 ϕ + δŜ ct δϕ δ 1 φ + δS 2 δϕ δ 0 ϕ = 0 (A11) for generic configuration of φ. This is an extremely strong condition: to find S 2 (ϕ) and δ 2 ϕ(ϕ) such that the second term in (A11) will be compensated by δS 0 δϕ δ 2 ϕ + δS 2 δϕ δ 0 ϕ .
Assume this problem at the λ 2 level was solved.
Now we have the analogous problem at the λ 3 order when we take into account that we have suppressed the term λ 3 δŜ ct δϕ δ 2 φ + δS 2 δϕ δ 1 ϕ .
We need to find S 3 and δ 3 φ. Same for all higher order terms, we have to find new actions S n and extra symmetries δ n ϕ.
In N = 2 we have a closed form answer, the complete λ-independent local supersymmetry transformations and the complete action in Eq. (13) which is linear in λ. Expanding around the classical solutions for auxiliary fields we reproduce a procedure analogous to one described here, since we can we extract the values of S 2 (ϕ) and δ 2 ϕ, ... , S n and δ n φ for any n from the complete supersymmetric N = 2 theory.
Meanwhile in N = 4 the first step, S ct ⇒Ŝ ct , is not known, and the infinite amount of next steps is also not known to exist and there is no guiding principle. In a sense, step by step finding if this completion is possible is not much easier than computing the loop corrections.
